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FINITE TYPE INVARIANTS OF NULLHOMOLOGOUS KNOTS 
IN 3-MANIFOLDS FIBERED OVER S 1 BY COUNTING GRAPHS 


TADAYUKI WATANABE 


Abstract. We study finite type invariants of nullhomologous knots in a closed 
3-manifold M defined in terms of certain descending filtration {j#^(M)} n >i 
of the vector space (M) spanned by isotopy classes of nullhomologous knots 
in M. The filtration {j#^,(M)} n >i is defined by surgeries on special kinds of 
claspers in M. When M is fibered over S 1 and H\(M) = Z, we show that 
the natural surgery map from the space of -colored Jacobi diagrams 

on 5 1 of degree n to the graded quotient J^ n (M)/JCn+i(M) is injective for 
n < 2. This already shows that the classification of nullhomologous knots 
in M by finite type invariants considered in this paper is rather fine. In the 
proof, we construct a finite type invariant of nullhomologous knots in M up 
to degree 2 that is an analogue of the invariant given in our previous paper 
arXiv: 1503.08735 which is based on Lescop’s construction of Z-equivariant 
perturbative invariant of 3-manifolds evaluated with the explicit propagator 
given by the author using parametrized Morse thoery. 


1. Introduction 

There is a natural descending filtration Jff 0 {S 3 ) D Jti(S 3 ) D (S' 3 ) D • • • on 
the vector space (or Z-module) Jf(S 3 ) spanned by isotopy classes of knots in S 3 , 
called the Vassiliev filtration (after Vassiliev’s [Vain , whose n-th term is spanned 
by alternating sums of possible resolutions of singular knots with n double points. 
In terms of the Vassiliev filtration, finite type (or Vassiliev) invariant of knots of 
degree n is defined as linear maps from J^(S 3 )/J^ + i(S 3 ) f tBLlIBN^] ). It is known 
that the natural “geometric realization” map gives an isomorphism from the vector 
space of certain trivalent graphs called the Jacobi diagrams f [BN 1 i IBN2| . see also 
[CDM] ) to the graded quotients J(f n (S 3 )/J(f n+ i(S 3 ). This very striking result has 
been proved by Kontsevich in IKo2j with the help of his diagram-valued universal 
finite type invariant of knots in S 3 , so called the Kontsevich integral of knots. There 
is another construction of finite type invariants of knots in S 3 coming from Chern 
Simons perturbation theory, which are given by integrations on configuration spaces 
1 |BN11 IGMM1 iKohl IKoll IBTj ). It has been proved by Bol l Taubes |BT] (degree 
2) and Altschuler-Freidel m (all degrees) that the configuration space integral 
invariant give another universal finite type invariant of knots in S 3 . 
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In this paper, we study finite type invariants of nullhomologous knots in an ori¬ 
ented closed 3-manifold M. As an analogoue of finite type invariants of knots in S 3 
defined by null-claspers (Garoufalidis-Rozansky (GR1 ). we introduce a descending 
filtration D Jfa(M) D • ■ • of the space of isotopy classes of nullhomologous 

knots in M by using surgeries on certain claspers with nullhomologous leaves. In 
the case H\(M) = Z and M is fibered over S 1 , we show that the natural surgery 
map from the space of Q[t ±1 ]-colored Jacobi diagrams on S' 1 of degree n to the 
graded quotient is injective for n < 2. The main idea is to 

construct a diagram-valued perturbative invariants of nullhomologous knots in a 
fibered 3-manifold M in a similar method as IWa3j . 

We remark that finite type invariants of knots in general 3-manifolds have been 
developed in [Kal IKL1 [Va~2] by considering singular knots with double points. Al¬ 
though the definition of finite type invariants of iKanmrva2i is different from 
that studied in this paper, it can be considered as a noncommutative refinement of 
ours. We also remark that in [Ha], Habiro studied finite type invariants of links in 
general 3-manifolds defined by using surgeries on graph claspers, which is different 
from that studied in this paper too. Although Habiro’s definition of finite type 
invariant is natural from the point of view of clasper theory, we modify Habiro’s 
definition for our purpose. Other relevant works can be found in |Schl[ ISch2l ILiej . 

We define the perturbative invariant as the trace of the generating function 
of counts of certain graphs in M, which we call AL-graphs. The definition of our 
invariant is based on Lescop’s works on equivariant perturbative invariants of knots 
and 3-manifolds [Les2[ ILes3 , Les41 and on the explicit propagator of “AL-paths” 
in M given in IWa2l using parametrized Morse theory. Our construction can be 
considered an analogue of that of the configuration space integral invariant. 

Throughout this paper, manifolds and maps between them are smooth unless 
otherwise indicated. We use the inward-normal-first convention to orient bound¬ 
aries of manifolds. Homology groups are assumed to be with integer coefficients 
unless otherwise specified. 

2. Finite type invariants of nullhomologous knots in M 

We study finite type invariants of nullhomologous knots in a closed 3-manifold 
defined by using clasper surgeries. The theory of clasper surgery has been developed 
independently by Goussarov and Habiro in |iGul iHaj . We review some fundamental 
properties of claspers and prescribe the type of finite type invariants studied in the 
present paper. The main result of the present paper is stated in terms of clasper 
surgeries. 

2.1. Null-claspers, filtration J(A n (M) and finite type invariant. We shall re¬ 
call definition of clasper surgery from [Ha . Let M be a closed connected oriented 
Riemannian 3-manifold. A tree clasper for a knot K in M is a connected surface 
immersed in M consisting of bands, nodes, leaves and disk-leaves (as in Figure[2]). A 
band is an embedded 2-dimensional 1-handle, a node is an embedded 2-dimensional 
0-handle on which three bands are attached. A leaf (resp. disk-leaf) is an embedded 
annulus (resp. an embedded 0-handle) on which a band is attached. The union of 
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Figure 1. J-clasper and surgery on it (we use the blackboard¬ 
framing convention to represent ribbon structure of I- clasper) 
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Figure 2. M-null tree clasper and the associated set of J-claspers 

bands, nodes and leaves is embedded in M \ K, whereas a disk-leaf may intersect 
K or leaves or bands transversally in its interior. 

A tree clasper without nodes is called an I-clasper. On an /-clasper, surgery 
is defined as follows. In this paper, we only consider /-clasper with at least one 
disk-leaves. Then surgery on such an /-clasper C is defined as the replacement as 
in Figure [Q One may also consider surgery on a tree clasper by replacing nodes 
and disk-leaves with collections of leaves as in Figure [2] 

We say that a tree clasper for a nullhomologous knot K in M is M-null if its 
leaves consist of disk-leaves and at most one leaf that is nullhomologous in M. See 
Figure [2] for an example. A strict tree clasper is a tree clasper with only disk-leaves 
that intersect only with the knot K. The degree of a tree clasper T is the number 
of nodes in T plus 1. Let K T denote the knot in M obtained from K by surgery 
along the set of /-claspers associated to T. 

Lemma 2.1. If T is an M-null tree clasper for a nullhomologous knot K in M, 
then I\ T is again a nullhomologous knot in M. Two nullhomologous knots in M 
are related by surgeries on finitely many strict I-claspers and at most one M-null 
I-clasper. 

Proof. By Habiro’s move 9 in lHa] Proposition 2.7], surgery on an M-null tree 
clasper can be replaced with a sequence of surgeries on M-null /-claspers, namely, 
/-claspers with only disk-leaves or that with one disk-leaf and one nullhomologous 


leaf in M. 


move 9 
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It is obvious that surgeries on such /-claspers do not change the homology class of 
a knot in M. 

For the second assertion, let A'o, A'i be two nullhomologous knots in M. We may 
assume without loss of generality that Kq and K\ are mutually disjoint. Take base 
points go, 9 i on A'o, A'i respectively and a path 701 in M from go to q\. Let A 01 be 
a knot in M given by a connected sum (—Ao)# 7ol K\ taken along 701 . Let G be 
an M-null /-clasper whose disk-leaf links A'o at go and the other leaf is a parallel 
of A '01 disjoint from A’o U A'i. Then A G is homotopic to A'i. Hence A'i is obtained 
from A'o by surgery on G and several crossing changes. □ 

Lemma m motivates the definition of finite type invariants given below. Let 
(M) be the vector space over Q spanned by isotopy classes of all nullhomologous 
knots in M. Let Jff ntk {M) (1 < k < n) be the subspace of JG(M) spanned by 

[A;G] = (~l) k ~ W K Gl , where 

JC{l,2,...,fc} 

• A is a nullhomologous knot in M, 

• G = {Gi, G' 2 ,..., Gfc} is a disjoint collection of tree claspers with Yli=i deg Gi 
n that consists of strict tree claspers and at most one M-null tree clasper. 

The alternating sum [A; G] as above is called an M-null forest scheme of degree n, 
size k. When all Gi are strict, then [M; G] is called a strict forest scheme. We put 

n 

JT 0 (M) = JT(M), jr„(M) = ^jr„, fe (M) (for n > 1). 

fc =1 

Lemma 2.2 ([Ha] page 48]). (1) If 1 < k < k' < n, then JG ntk {M) C 

In particular, 

(2) [A; Gi, G 2 ,..., G k \ = [A G - G 2 ,..., G k ] - [A; G 2 ,..., G k ]. 

(3) [A; SUT, G 2 ,..., G k ] = [A; S, G 2 , • • ., G k \ + [K s - T, G 2 ,..., G k \. 

Definition 2.3. Let V be a vector space over Q. We say that a linear map 

/ : JT(M) -> V 

is a, finite type invariant of M-null type n if f(JG n +i(M)) = 0. 

A fundamental problem in the thoery of finite type invariant is to determine the 
structure of the quotient space JG n (M)/JG n+ i(M). The restriction of tree claspers 
in the definition of JG ntk (M) may not look natural. However, this definition is nice 
to relate the graded quotient with the space of A-colored Jacobi diagrams defined 
below. 

2.2. A-colored Jacobi diagrams. A Jacobi diagram on S 1 is a connected triva- 
lent graph with oriented edges and with a distinguished simple oriented cycle, called 
the Wilson loop f lBNll IBN2I . see also ICDM1 Ch.5]). A labeled Jacobi diagram 
is a Jacobi diagram T equipped with bijections a : {1,2, ...,2n} —>• H(T) and 
/3 : {l,2,...,3n} —t A(T), where H(T) (resp. A(T)) is the set of vertices (resp. 
edges) of T (including the edges in the Wilson loop). Let E w (T) be the subset 
of A(T) consisting of edges in the Wilson loop and let E nW (T) = E(T) \ E W (T). 
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Figure 3. The relations AS, IHX, STU and FI. 


Let V w (F) be the subset of U(T) consisting of vertices on the Wilson loop and let 
V nW (T) = U(r)\U M/ (T). Let P(T) be the set of components in the subgraph of T 
formed by E nW (T). A Jacobi diagram T on S ' 1 with V nW (T) = 0 is called a chord 
diagram. A vertex-orientation of a trivalent vertex v in a Jacobi diagram is a cyclic 
ordering of the edges incident to v. A Jacobi diagram all of whose trivalent vertices 
are equipped with vertex-orientations is said to be vertex-oriented. 

Let R be a commutative ring with 1. For a Jacobi diagram T on S' , an R- 
coloring of T is an assignment of an element of R to every edge of D An P-coloring 
is represented by a map <f> : E(T) —>• R. The degree of a Jacobi diagram is defined 
as half the number of vertices. A vertex of T that is on the Wilson loop is called a 
univalent vertex and otherwise a trivalent vertex. 

Definition 2.4. Let A m = Q[Hi(M)] and let Am be the total ring of fractions 
Q(Am) = Let ^(S 1 ; Am) (resp. srf n (S x \A m)) be the vector space over 

Q spanned by pairs (T,</>), where T is a Jacobi diagram of degree n with vertex- 
orientation and tfi is a AM-coloring (resp. AM-coloring) of T, quotiented by the 
relations AS, IHX, STU, FI, Orientation reversal, Linearity, Holonomy (Figure [3] 
andHj) and automorphisms of oriented graphs. 

There is a canonical way to fix an equivalence class of vertex-orientation modulo 
the AS relation from labelings a,/3 on a Jacobi diagram (see e.g., ESI)- 

We denote a pair (r, <j>) by T(</>) or by r(</>(ei), </>(e 2 ), ■ ■ ■ ,<j>(ee)). We say that 
a AM-colored graph T(^>) is a monomial if for each edge e of T, </>(e) is an el¬ 
ement of Hi(M). In this case, we may consider 0 as a map -U(T) —»• H\{M). 
There is a bijective correspondence between the equivalence class of a labeled 
monomial Jacobi diagram T(<(>) modulo the Holonomy relation and the liomo- 
topy class of a continuous map c : T —» 1 ), or the cohomology class 

[c] e JL 1 (T; Hi(M)) = [T,1)]. We say that T is nullhomotopic if c is 
nullhomotopic. 

Definition 2.5. Let Am) be the subspace of ^{S 1 - Am) spanned by the 

set ^f H (S' 1 ; Am) of all monomial Jacobi diagrams such thato rieeE w (r) < / > ( e ) = !• 

By definition, the natural map ^^(^jAm) —)• £/ u (S 1 ;Am) is an embedding. 


*We consider the group structure of H±(M) as multiplication. 
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Figure 4. The relations Orientation reversal, Linearity and Ho¬ 
lonomy. p,q,r e A M (or p,q,r S A M ), aSQ, t ±l € H X (M). The 
exponent e,; is 1 if the i-th edge is oriented toward v and otherwise 
— 1. The edge in the Linearity relation is either of E w (T) or of 
E nW {T). 

2.3. Surgery map ij) n . Let i : M —> A'(Ai(M), 1) be a map that represents 
the class in H 1 (M; Hi(M)) = [M, K{H X {M), 1)] corresponding to the identity in 
Hom(7Li(M), H X (M)) = H 1 (M; H x {Mf). Consider a monomial AM-colored Jacobi 
diagram T G (^ H (,S ,:L ; Am) and a piecewise smooth embedding p : T —>• M that 
preserves its vertex-orientation and such that the homotopy class of the composition 
T A- M -A 1) represents the AM-coloring of T. We assign a collection 

of tree claspers G = {Gi,..., Gk} with only disk-leaves to p as follows. We replace 
vertices in the embedded graph p(T) with leaves or nodes of claspers as follows: 





half-twist 


so that each component in P(T) is mapped to a (connected) tree clasper. Here is 
an example. 



One may see that the graph scheme [K\G\ represents an element of by 

applying Habiro’s move 9 of [Hal Proposition 2.7] several times. 


Proposition 2.6. The assignment T i-> [A"; G] induces a well-defined linear map 
ifn : ^(S 1 ; Am) -► X n (M)/X n+x {M). 

If iri(M) is abelian, then if n is surjectiv fj]. 


tin |Ha| , Habiro has obtained similar result, showing that the natural surgery map gives a 
surjection from the space of Jacobi diagrams with i/i(M)-colored univalent vertices to the graded 
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Proof. First, we prove that the assignment T H> ]/\; G] gives a well-defined map 


: SOS 1 ; Am) -»• jr n (M)/J& +1 (M). 


Let [K]G\ and [K';G r ] be two forest schemes of degree n, size k that correspond 
to a monomial A M -colored graph T G ^ JH (S' 1 ; A M ). Then [K: G] and [K';G'] are 
related by a sequence of the following moves: 

(1) A crossing change of knot. 

(2) A crossing change between edges of tree claspers. 

(3) A crossing change between an edge of a tree clasper and knot. 

(4) A bordism change of knot. 

(5) A bordism change of an edge of a tree clasper. 

( 6 ) A swapping of a node and a disk-leaf that correspond to trivalent verteces. 

In each case, the difference of a change is given by an element of J?^+i,fc+i(Af). 
Indeed, the case (1) is obvious. In the cases (2) and (3), the difference is of the form 
[K ; G\ UC, G 2 , • • •, Gk\ — [K; G ±,..., Gfc], where C is an /-clasper whose leaves may 
link with edges of tree claspers as follows. 

- 0 - move 12 0 

C ~ 

edge -G- 1 —[]~rXTQ- 

The right hand side is obtained by Habiro’s move 12 of jHa . Proposition 2.7]. The 
two boxes can be moved by Habiro’s move 11 along the tree claspers toward the 
univalent ends, so that the component T including the node in the right hand side 
of the above picture does not have boxes. 





Here if the two leaves of C links with only Gi, then the strand labeled l may be 
doubled after the slides of the boxes. Hence by Lemma [272] (3) we have 

[K; Gr U G, G 2 ,..., G fc ] - [K\ G u ..., G k ] 

= [K: G\ U T, G 2 ,..., Gfc] - [K; G u ..., G k ] 

= [K: Gi, G 2 , • • •, Gfc] + [K g>1 ; 7’, G 2 ,..., G k ] - [K ; G 1; ..., G k ] 

= [K Gl ; T , G 2 ,..., Gfc] = 0 G jr n (M)/jr n+ i(M). 


In the case (4), the difference is of the form [K c \ Gi,..., Gfc] — [K;Gi,..., Gfc] = 
[. K;C , Gi,..., Gfc] G +i,fc+i(Af), where G is an /-clasper for I\ with one disk-leaf 


quotient in his filtration, without any assumption on The techniques used in Proposi¬ 

tion [2J)] are almost the same as those used in Habiro’s result. 
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and one leaf that is nullhomologous in M. In the case (5), the difference is of the 
form [A'; G\ U C, G2, ■ ■ ■, Gfc] — [K; Gi,..., G&], where C is an I- clasper as follows. 


C 


edge -0- 


move 12 
G 1 


y 

HU—^<0- 


The rest is similar to the case (2) except that a disk-leaf of C is replaced with a 
nullhomologous leaf. For the case (6), see e.g., jOhi Appendix E]. 

Next, we shall see that the images of the relations for Am) under is 

zero in Jd n (M) / . The proofs that the AS, IHX relations are mapped by 
-0° to Jd n+ i(M) are similar as in [HalGGPi . The STU relation holds by a result of 
[Hal §8.2] (see also [Oh[ Appendix E]). The FI relation can be checked as follows. 

surgery 


The Orientation Reversal, Linearity and Holonomy relation hold because two em¬ 
beddings pi , P 2 : r — > M are edge-bordant if and only if l o p 1 and to p 2 are 
homotopic, and ?/>„ is invariant under bordism changes of p, where we say that two 
embedded graphs are edge-bordant if they are related by homotopies and relative 
bordism changes of edges. 

Finally, we shall check the surjectivity of ip n when 7 Ti(M) is abelian. Let [AT; G] 
be any M-null forest scheme in Jd n (M). By the STU relations, we may assume that 
[A'; G] G Jd n ^ n (M), where G consists of n disjoint collection of /-claspers. If G has 
only disk-leaves, then by Lemma [37] (3) it can be modified modulo Jf n+ i(M) to a 
sum of forest schemes with only simple disk-leaves (a simple disk-leaf is a disk-leaf 
that intersects K in a single point transversally. See Figure [2]). Each such forest 
scheme is clearly obtained by the construction If G has an /-clasper G with a 
nullhomologous leaf, then the leaf is nullhomotopic since ni(M) is abelian. Thus 
the surgery on G can be replaced with a sequence of surgeries on strict J-claspers 
and [AT; G] can be rewritten as a sum of forest schemes with only strict J-claspers. 
The rest is the same as above. □ 


The main theorem of the present paper is the following. 

Theorem 2.7. If H\{M) = Z and M is fibered over S 1 , then for n < 2, the map 
ip n is injective. 

Theorem 1271 will be proved in §J5] by using perturbative invariants given in ([3] 
Theorem 12.71 already shows that the classification of nullhomologous knots by fi¬ 
nite M-null type invariants is rather fine. As a corollary to Proposition 12.61 and 
Theorem 12.71 we have the following. 

Corollary 2.8. If M = S 2 x S 1 , then for n < 2, the map ip n is an isomorphism. 

Conjecture 2.9. Theorem \ 2. 7| holds for all n > 0 and for all closed connected 
oriented 3-manifold M. 
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2.4. Degree 1 part. The following remark is an expansion from a comment of 
K. Habiro. Since any nullhomologous knot can be unknotted by a surgery on 
an M-null 7-clasper, we have j£o(M)/j£i(M) = Q. The degree 1 part is more 
complicated. Let vo' be the preimage of 0 of the natural map no(LM) — » Hi(M) 
where LM is the free loop space of M and let Qto' be the vector space over Q 
spanned by the set vj'. Let 


77 : JTi(M)/JT 2 (M) Q m' 

be the linear map that assigns to each forest scheme [K; Gi] = K Gl — K its class 
[A' Gl ] — [A']. This is well-defined because any forest scheme of degree 2, size 2 
contains a strict 7-clasper and because surgery on a strict 7-clasper does not change 
the free homotopy class of knot. Now we assume that Hi(M) = Z and that M is 
fibered over S 1 . Then by Theorem 12.71 we have the following chain complex, which 
may be non-exact only at Jti(M) / ^(M). 

(2.1) 0 —► ^' 1 NH (5' 1 ; A) -^4 JTi(M)/jr 2 (A7) ^4 Qw' -4 Q —> 0, 

where e is the augmentation map. To make the sequence exact, it may be neces¬ 
sary to consider a noncommutative refinement of the map ip n as in IKal IKL1 IVa2j 
by the resolutions of singular knots (or allowing only strict 7-claspers) and to re¬ 
strict underlying knots in the definition of the filtration to (base-pointed) 

nullhomotopic knots in M. 

We will see in Appendix 1X1 that there is a natural isomorphism ,e/ 1 NH (<S' 1 ; A) = 

QM/Q- 


3. Perturbative invariants of nullhomologous knots in M 

Let A = Q[f ±:L ] and A = Q (t). In this section, we define a map Z n : JtT(M) —»• 
srf n (S l ] A) for n = 1,2 C Theorem 13.51) . Roughly, Z n is defined by intersections 
of certain fundamental chains in Lescop’s equivariant version of the configuration 
spaces ( 113. II) . We use parametrized Morse theory to give explicit fundamental 
chains in the equivariant configuration spaces ( 1)3.21 1 )3.31 1 )3.41) . It turns out that 
Z n can be interpreted as the trace of a generating function of counts of certain 
graphs in M, which we call AL-graphs ( H3.7D . 


3.1. Equivariant configuration space. From now on we consider an oriented 
surface bundle n : M —> S 1 with a fiberwise gradient £ of an oriented fiberwise 
Morse function for k. Let K : S 1 —> M be a nullhomologous knot. We shall define 
a configuration space that is suitable to our purpose, based on Lescop’s equivariant 
configuration space [Les21 ILes3i !Les4j . 

Let Conf g (W) denote the Fulton-MacPherson-Kontsevicli compactification of 
the configuration space Conf g (X) of q distinct points on a compact real oriented 
manifold X (see IKoll 1FM ,. iBT[ [LesD etc. for detail). Let Conf 9 (5 ll )< denote the 
component of Conf g (S' 1 ) for a fixed ordering of the points on S l . Let Conf t , q (M, K) 
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be the pullback in the following commutative diagram: 

Conf ti q(M, K) -^ Conf t+g (M) 

ITt,q 

CbS q (S 1 ) < - Conf 9 (M) 

c i 

where Tr t , q is the natural map associated to the projection Conf t+g (M) —> Conf q (M) 
and Cq is the extension of K x • • • x K : Conf g (S' 1 )< -A Conf g (M). 

Let r be a labeled Jacobi diagram with q univalent and t trivalent vertices. By 
the labeling a : {1,2,..., t + q} —» V(T), we identify 2£(T) with the set of ordered 
pairs (i,j), i,j € {1,2 ,...,t + q}. Let M r denote the space of tuples 

( 3 : 1 , X2 , ■ • • 5 X2n ; { (i,j)eE(r) ) 1 

where Xi € M and 7is the homotopy class of continuous maps Cij : [0,1] —> S 1 
relative to the endpoints such that Cij( 0) = n{xi) and Cjj(l) = n(xj). We consider 
M T as a topological space as follows. Let C°(r, S' 1 ) be the space of continuous 
maps r —> S' 1 equipped with the C°-topology and let C T be the space that is the 
pullback in the following commutative diagram. 

C T --cribs' 1 ) 

M t+q KX '" X > (S' 1 )*+« 

The fiberwise quotient map C T —> M T by the homotopy relation of edges gives M T 
the quotient topology. 

Let Confr(M) denote the space obtained from M r by blowing-up along all the 
lifts of the diagonals in M t+q . Let Confr (-M, K) denote the pullback in the following 
commutative diagram: 

Confr(M, K) -s- Confr(M) 


Conf 9 (5 1 )< —^ Conf 0 (M) 

G o 

where O is the subgraph of V given by the Wilson loop and Cq is the natural map 
induced by K x • • • x K, i.e., C^ together with the relative homotopy classes of arcs 
represented by those in K. The forgetful map Jf : Confr (M,K) —>• Conf t , q {M,K) 
is a z 3n - ' 9 -covering. Since Confr (M, K) is naturally a Z 3n 9 -space by the covering 
translation, the twisted homology 

-ffi(Conf r (M, K)) <g) Ar A r , 

where A r = Q[{^ 1 }(ij)eE'‘W (r )] and A r = 0( iij)eS nW( r ) Q(Uj) (tensor prod¬ 
uct of Q-modules), is defined. Here, Ar acts on Ar by dluy) fij ) — 

®(ij) hj 1 fij- 
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3.2. Fiberwise Morse functions and their concordances. Let n : M —» S 1 

be a smooth fiber bundle with fiber diffeomorphic to a closed connected oriented 
2-manifold E. We equip M with a Riemannian metric. We fix a fiberwise Morse 
function / : M —> R and its gradient £ : M —> Ker dn along the fibers that satisfies 
the parametrized Morse—Smale condition, i.e., the descending manifold loci and the 
ascending manifold loci are mutually transversal in M. We consider only fiberwise 
Morse functions that are oriented , i.e., the bundles of negative eigenspaces of the 
Hessians along the fibers on the critical loci are oriented. There always exists an 
oriented fiberwise Morse function on M (e.g., [ Wa2j 1. 

Definition 3.1. A generalized Morse function (GMF) is a C°° function on a mani¬ 
fold with only Morse or birth-death singularities ((IgJ Appendix]). A fiberwise GMF 
is a C°° function / : M —»• R whose restriction f c = f | K -i( c ) : k _1 (c) —>• R is a GMF 
for all c £ S' 1 . A critical locus of a fiberwise GMF is the subset of M consisting of 
critical points of f c , c € S 1 . A fiberwise GMF is oriented if it is oriented outside 
birth-death loci and if birth-death pairs near a birth-death locus have incidence 
number 1. 

It is known that for a pair of fiberwise Morse functions /o,/i : M —> R, there 
exists a homotopy / = {/ s } s e[o,i] between /o and /i in the space of oriented 
GMF’s on M, which gives an oriented fiberwise GMF on the surface bundle k x id : 
M x [0,1] -A S 1 x [0,1]. 

Definition 3.2. We say that the homotopy / is a concordance if each birth-death 
locus of / in M x [0,1] projects to a closed curve that is not nullhomotopic in 
S’ 1 x [0,1]. 

3.3. AL-paths. Let n : M —7 M be the Z-covering associated to n. Let 7c : M —> R 
be the lift of k, f : M —> R denote the Z-invariant lift of /, and f denote the lift 
of £. We say that a piecewise smooth embedding cr : [pL,v\ M is descending if 
7 c(ct(/z)) > 7c(<f(i/)) and f(cr(p)) > f(a(v)), where a : [p, u\ —> M is a lift of a. We 
say that a is horizontal if Im a is included in a single fiber of k and say that a is 
vertical if liner is included in a critical locus of /. 

Definition 3.3. Let x, y be two points of M. An AL-path from x to y is a sequence 
7 = (cri,cr 2 ,... ,<r n ), where 

(1) for each i, <Ji is a descending embedding [pLi 1 ly] —7 M for some real numbers 
Pi , Vi such that pi < Vi , 

(2) for each i, cq is either horizontal or vertical with respect to /, 

(3) if cti is horizontal, then cq is a flow line of — £, possibly broken at critical 
loci, 

(4) cri(/ii) = x, a n (v n ) = y, 

(5) afvi) = a i+ i(pi+i) for 1 < i < n, 

(6) if <Ji is horizontal (resp. vertical) and if i < n, then cq+i is vertical (resp. 
horizontal). 

We say that two AL-paths are equivalent if they differ only by reparametrizations 
on segments. 




12 


TADAYUKI WATANABE 


For generic £, there is special horizontal flow-line between critical loci, called 
1 / 1-intersection, which is the transversal intersection of the descending manifold 
locus of a critical locus of £ of index 1 and the ascending manifold locus of another 
critical locus of index 1. There are finitely many 1/1-intersections for £. Most of 
the horizontal segments in AL-paths are 1/1-intersections. 

3.4. Equivariant propagator. Let £ be the fiberwise gradient of an oriented fiber- 
wise Morse function on M. We say that an AL-path 7 in M with positive length 
is a closed AL-path if the endpoints of 7 coincide. A closed AL-path 7 gives a 
piecewise smooth map 7 : S 1 —> M, which can be considered as a “closed orbit” 
in M. We will also call 7 a closed AL-path. A closed AL-path has an orientation 
that is determined by the orientations of descending and ascending manifolds loci 
of £. See |Wa31 §2.7] for the detail. Then we define the sign s(j) € { — 1,1} and the 
period p(y) of 7 by 

p(7) = KH.[7])I. = 

Let S(TM ) be the subbundle of TM of unit tangent vectors. Let S{Ty) be the 
pullback 7 *S(TM), which can be considered as a piecewise smooth 3-dimensional 
chain in <9Conf/c 2 (M). We say that two closed AL-paths 71 and 72 are equivalent 
if there is a degree 1 homeomorphism g : S 1 —> S ' 1 such that 71 o g = The 
indices of vertical segments in a closed AL-path must be all equal since an AL-path 
is descending. We define the index ind 7 of a closed AL-path 7 to be the index of 
a vertical segment (critical locus) in 7 , namely, the index of the critical point of 
/U-i(c) f° r any c £ S 1 that is the intersection of 7 with k _ 1 (c). 

Let M 0 = M\ (J 7 . criticallocus 7 and let s$ : M 0 -» S(TM 0 ) be the normalization 
—£/||£|| of the section —£. The closure s^(M 0 ) in S(TM) is a smooth manifold with 
boundary whose boundary is the disjoint union of circle bundles over the critical 
loci 7 of £, for a similar reason as jSh . Lemma 4.3]. The fibers of the circle bundles 
are equators of the fibers of S(Ty). Let E~ be the total space of the 2-disk bundle 
over 7 whose fibers are the lower hemispheres of the fibers of S{Ty ) which lie below 
the tangent spaces of the level surfaces of k. Then ds^(M 0 ) = (J,. dE~ as sets. Let 

s\{M) = l^Moj U (J E~ c S(TM). 

This is a 3-dimensional piecewise smooth manifold. We orient s|(M) by extending 
the natural orientation (sj 1 )* o(M) on s^(Mo) induced from the orientation o(M) 
of M. The piecewise smooth projection s|(M) —» M is a homotopy equivalence 
and s|(M) is homotopic to S|. 

Let C be a knot in M such that ([dn], [C]) = —1. Let ^#^(£) be the set of all 
AL-paths in M. There is a natural structure of non-compact manifold with corners 
on .M (£). For a closed AL-path 7 , we denote by 7 irr the minimal closed AL-path 
such that 7 is equivalent to the iteration ( 7 irr ) fe for a positive integer k and we call 
7 irr the irreducible factor of 7 . This is unique up to equivalence. If 7 = 7 irr , we 
say that 7 is irreducible. We orient S(Ty 1TI ) so that ] 5 '(T 7 irr )] = p( 7 irr )[S'(TC')]. 
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Note that this may not be the one naturally induced from the orientation of 7 irr 
but from e( 7 irr ) 7 irr - 

Theorem 3.4 ( |Wa2j ). Let M be the mapping torus of an orientation preserving 
diffeomorphism ip : Y Y of closed, connected, oriented surface E. Let £ be the 
fiberwise gradient of an oriented fiberwise Morse function f : M —> R. 

(1) There is a natural closure ^k 2 (€) °f that has the structure of a 

countable union of smooth compact manifolds with corners whose codimen¬ 
sion 0 strata are disjoint from each other. 

(2) Let b : x 2 (?) M K2 be the evaluation map, which assigns the pair of the 

endpoints of an AL-path 7 together with the homotopy class of n 07 relative 
to the endpoints. Let B£^_denote the blow-up of K J£) 

along 6 -1 (Am)• Thenb induces a map i(a m )(‘^a ' 2 (?)) ~* Conf k 2 (M) 
and it represents a 4-dimensional A-chain Q(£) in Conf k 2 (M) that satisfies 
the identity 

dQ (0 = s|(M) + ^(-l)- d 7 £(7) t r( 7) 5 (T 7 irr ), 

7 

where the sum is taken over equivalence classes of closed AL-paths in M. 
Moreover, (1 — f) 2 A(f)Q(£) is a A-chain, where A (t) is the Alexander poly¬ 
nomial of the fibration k : M -A S 1 . 

3.5. Equivariant intersection form. Let k : M —> S 1 be a fibration. Fix a 
compact connected oriented 2-submanifold Y of M without boundary such that the 
oriented bordism class of Y in M corresponds to [k] via the canonical isomorphism 
f h{M) = H 2 ( 1 X 1 ) = H 1 (M). Let T be a labeled oriented Jacobi diagram of degree 
n and let E 1 (T) (resp. E P (T)) be the subset of E nW (T) consisting of non self-loop 
edges (resp. self-loop edges). 

(1) If e G E 1 ( r), then let ipe ■ Confr (M,K) Conf k 2 (M) denote the projec¬ 

tion that gives the endpoints of e together with the associated path pro¬ 
jected by n in S 1 . Take a compact oriented 4-submanifold F e in ConfR- 2 (M) 
with corners. 

(2) If e G E p ( r), then let ipe ■ Confr (M,K) —»• M denote the projection 
that gives the unique endpoint of e together with the associated path path 
projected by n in S 1 . Take a compact oriented 1-submanifold F e in M with 
boundary. 

Note that in both cases F, is of codimension 2. Now we put 

E nW (T) = {*!,..., i 3n . q }, E W (T) = {j u ... ,j q }, 

V nW (T) = {k u ..., k 2n . q }, V W (T) = {h, • • •, M- 

Then we define 

3 n—q 

(F il ,F i2 ,...,F i3n _ q ) r = f) ip-\F ie ), 

e=l 

which gives a compact O-dimensional submanifold in Confr (M, K) if the intersec¬ 
tion is transversal. We equip each point (ug lt ... ,ug q ,v kl , ■ ■ ■ ,Vk 2n _ g ; 71 , 72 , • ■ • ,73 n) 
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of (Fi l; Fi 2 ,... ,Fi 3n _ q )r with a coorientation (a sign) in Confr (M,K) by 

A °Conf K 2 (M)^ e \ x e,ye,Je) ^ A ,v fcl ,Vk 2n _ q ) Conf tj q (M, A"). 

e£E(r) 


Here, we identify a neighborhood of a point in Confr (M, AT) with its image of the 
projection in Goni t q {M,K). The coorientation gives a sign as the sign of p in 
the equation A e ^1°^ K2 (m)^ = M'S 1 )**! A ''' A °( Sl )u tq A o{M) Vkq A • • • A 
o(M) Vk2n _ , where the order of the product is determined by the vertex label¬ 
ing, namely, so that it agrees with the exterior product of o(S 1 ) and o(M) in the 
order of the vertex labeling. By this, (F^ , F i2 ,... , F i3n _ q )r represents a 0-chain 
in Confr(M, K). This can be extended to tuples of codimension 2 Q-chains by 
multilinearity. We will denote the homology class of (F^ , F i2 , ..., F i3n _ q ) r (inte¬ 
ger) by the same notation. Note that a point of Confr(M, K) possesses canon¬ 
ical homotopy classes of edges of E w (T) in S' 1 determined by the embedding 
Cg : C^rf q (S 1 ) < Confo(M). 

We extend the form (•,..., -)r to tuples of codimemsion 2 A-cliains i n Conf^ 2 (M) 
or M as follows. When k £ E 1 ( T), suppose that F[, is of the form J2g k=1 
where € A and is a compact oriented smooth 4-submanifold in Conf^ 2 (M)[0], 
where Confi<- 2 (M)[0] is the subspace of Conf/r 2 (M) consisting of (x±, X 2 , 712 ) such 
that 712 has a lift <j \2 : [0,1] — 1 M connecting x\ and x-i with [koo^] = 712 relative 
to the boundary whose interior has algebraic intersection number 0 with £. When 
k £ E p ( T), suppose that is of the form J2x k =i w h ere is a piecewise 

smooth path in M transversal to £ and p { \ k {t ) = S , £ Q. Then we 

define 


(F' it F' 2 ,...,F' 3n _ q ) r 


• lt (3 " _<?) (t j((J (1) ct (3"-9)\ 

3n _ q V^3n-q A\ a Ai ’ a A 2 ’ * ‘ ‘ ’ ^Asn-Q /I 


Al,A2v?A3n-g 


£ Cq(C onfr (M,K))< 


which can be considered as a O-cliain in Conf^ g (Af, K) with coefficients in Ar- This 
is multilinear by definition. 

Next, we extend the form -)r to tuples of codimension 2 A-cliains in 

Confif 2 (M) or M as follows. Let Qi l: Qi 2 ,..., Qi 3n _ q be codimension 2 A-cliains in 
Confif 2 (M) or M depending on whether the corresponding edge is not a self-loop 
or a self-loop. Then there exist pi,P 2 , ■ ■ ■ ,P 3 n-q G A such that PkQi k is a A-chain 
for each k. Then we define 

(Q il , Qi 2 > • • • ; Qi 3 n-q)r 

= {PlQii > P2Qi 2 1 ■ ■ ■ 1 P3n—qQi 3 n - q )r Pi (Ai ) b2(C 2 ) P3n— q(ti 3n - q ) 

G Cb(Conf r (M, A")) <g) Ar Ar, 

which can be considered as a O-cliain in Conf t . q (M. A") with coefficients in Ar- This 
does not depend on the choices of pi,... ,P 3 n - q and this is multilinear by definition. 
Note that the multilinear form (•,..., -)r depends on the choice of £. 
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Figure 5. Jacobi diagrams of degree 1 and 2 (edge-orientations omitted). 

Let wo '■ Co (Confr (M, iL))®A r Ar —> Co(Confr(M))® A »3n A® 3 ” be the natural 
map induced by Cq and we define a linear map 

Tr r : C 0 (C^f r (M)) <8> A ® 3 n A® 3 " -a ^(S 1 ; A) 

by setting 



Q2U2) 

<g> v ; <g> • 

q d3n(t3n)\ 

r r /9i(i) q 2 {t) q3n(t)\-] 


P 2 (f 2 ) 

P3n(t3n ) ' 

Vpi(t)> 2 (f)’ 'P3n{t)'l 


3.6. Definition of Z n . Let K\, k 2 , ■ ■ ■, K^ n : M — > S 1 be fibrations isotopic to k. 
Let fi : M —» R, i = 1, 2, ..., 3n, be oriented fiberwise Morse functions for Ki 
such that ( Ki, fi) is concordant to a pair isotopic to (k, /). Let be the fiberwise 
gradient of fi. Let Q{fi) be the equivariant propagator in Theorem 13.41 for We 
define the 1 -cycle 

T 

in M, where the sum is over equivalence classes of all closed AL-paths 7 for 
considered as oriented 1-cycles. This is an infinite sum but is well-defined as a A- 
chain. The orientation of a closed AL-path 7 is given by £( 7 ) times the downward 
orientation on 7 . Choosing the closed oriented surface EcM and Ki, fi generically, 
we may define 

Ir(K) = Ti r wo(Q 0 (C H ),Q 0 (U,...,Q 0 (f l3n _q))r&^n(S 1 ;A), 

where is Q(fi.) or Q'(fi) depending on whether the corresponding edge in T 

is not a self-loop or a self-loop, as in IWa3l . 

Theorem 3.5. For n > 1, we define 

z “ ,A ' ) = (2Sj!WSWA-) e <(Y;A), 

where the sum is over all labeled Jacobi diagrams on S 1 of degree n for all possible 
edge orientations (Jacobi diagrams of degree 1 and 2 are shown in Figured). For 
n = 1,2, Z n (K ) is invariant under isotopy of I\ and concordance of f. 

Let £(k) be the set of concordance classes of oriented fiberwise Morse functions 
for a fibration k : M —> S 1 . Theorem 13.51 savs that for n = 1, 2, Z n gives a family 
of knot invariants parametrized by § ( k ). 
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Figure 6. An AL-graph for a knot 

3.7. Z n and the generating function of counts of AL-graphs. Let fl, f2, ■■■, fan 
and £i, £ 2 , • • •, ^ 3 n be as in d3.6l Let AT be a nullhomologous knot in M. 

Definition 3.6. Let E = k _ 1 (0). Suppose that no 1/1-intersections for is on 
E. For a labeled Jacobi diagram T of degree n, we define ,/# A ,b (E; , £ 2 , • ■ •, £ 3 n), 

1 (Ac) 

k = (fci, k 2 , ■ ■ ■, kz n ), as the set of piecewise smooth maps I : T —> M such that 

(1) if i G E nW (r), the restriction of / to the Ath edge is an AL-path of £j, 

(2) if i G E W (T), the restriction of I to the i-tli edge is embedded to a segment 
in K in an orientation preserving way, 

(3) the algebraic intersection of the restriction of / to the i-th edge e* with E 
is hi. 

We call such maps AL-graphs for (E; £i, £ 2 , ■ ■ •, £ 3 n ) of type k. We define a topology 
on (E; £1 , £ 2 ,..., ? 3 «) as the transversal intersection of smooth submanifolds 

1 (w ) _ 

of Confr(M), as in 33.51 (See |Wa31 Lemma 3.7] for the reason of transversality of 
■^W)(E;£i,£ 2 , .. for generic choice of («;,,/*).) 

We may identify a point of (E; £ 1 ,..., £ 3n ) with an oriented 0-manifold 

in ConfrHence the moduli space ,/# A b (E;£i,...,£ 3n ) can be counted 
with signs. The sum of signs agrees with the sum of coefficients of the terms of 
ti 1 1 2 2 ''' * 3 n" in the power series expansion of w 0 (Q° (Cu), Q° (& 2 ),-••, <3° ( 6 3n -„ ))r- 
We denote the sum of signs by (E; £ 1 ,..., £ 3n ). 

1 (AC) 

For generic choices of E, k 1 , ... ,k 3 „,£i, ... ,£ 3 „, an AL-graph / G (E; £ 1 , • ■ ■ ,6n) 

consists of finitely many horizontal components and some AL-paths that connect 
two univalent vertices of horizontal components or one univalent vertex of a hori¬ 
zontal component and the knot K (see Figure [HI- If an AL-path that starts at (resp. 
end at) a point of K has a vertical segment, then its first (resp. last) horizontal 
segment a is the transversal intersection of K and the ascending (resp. descending) 
manifold locus of a vertical segment next to a (resp. previous to a). The following 
proposition follows from Theorem 13.41 and from definition of Z n . 

Proposition 3.7. For generic choices of f i,£ 2 , ... , £ 3n and for a labeled trivalent 
graph T, let Fr(E; £ 1 , £ 2; • ■ • ; £ 3n ) be the generating function 

E *■*$)(£; a, 6, • • •, & n ) t\n k 2 * • • • t 3 fc r, 

£=(&!,..., &3 n )6Z 3ri 
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where (£; 6,£ 2 , ■ ■ • > 6n) is the count of AL-graphs of type k of generic type. 

r(/c) 

Then there exist Laurent polynomials (t) £ A, i = 1,2,..., 3 n, p = 1, 2,..., N, 
such that 

N 3 n 3n—q 

F r (E; a, 6,..., &») = E II&) II {(! “ ^ ) 2 )} _1 • 

/i=l i=l /c—1 

Considering this as an element of Q(fi) Qfe) ®q • • • <8>q Q(£ 3 n), we have 
Zn{K) = (2n)!(3n)! S 6,6, • • •, &»)■ 


4. Well-definedness of Z n (proof of Theorem 13.51) 

4.1. 1-parameter families of configuration spaces. Let I = [0,1]. Let Kq,K\ C 
M be two nullhomologous knots that are isotopic. Let K : S 1 x / —>• M x I be 
an isotopy between K 0 and Ad and for s £ I let I\ s : S 1 —> M be the embedding 
K s (x) = K{x, s). Let Conf tj9 (M x I, K ) be the Conf t(3 -bundle over / given by the 
pullback in the following commutative diagram 

Conf t,q(M x J, K) -s- Conf t+(? (M) 


Conf g (S ,1 ) < x /-* Conf g (M) 

c f 

where is the natural map induced by K. Let T be a labeled Jacobi diagram 
with t trivalent and q univalent vertices. Let Confr(M, K) be the pullback in the 
following commutative diagram 

Confr(M x I, K) - 9 - Confr(M) 


Conf g (S ,1 )< x I - 9 - Confo(M) 

where Cq is the natural map induced by K. Then Confr(M x /, K ) forms a fiber 
bundle over I with fiber diffeomorphic to Confr(M, A'o). 

4.2. Bifurcations of AL-graphs in 1-parameter family, £, fixed. By replac¬ 
ing Q°{£i) with Q°(£i) = Q°(£i) x I in the definition of Ir{K), we may define 

I r (K) = TrrwoiQ 0 ^), • • •, Q°(£i,„-J>r. 

If K is generic, this gives a piecewise smooth 1-chain in Ci(Conf tig (M x I,K )) 

A). A bordism change of £ may change the value of voo{Q°(£,i 1 ), ■ ■ ■, Q°(^i 3n - q ))r- 
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However, one may see that its trace is invariant under a bordism of X, by exactly 
the same argument as [Wa31 Lemma 4.1]. We have 

We may arrange that the possible contributions in the boundary of /r(AT) in the 
1-parameter family are of the following forms: 

(1) AL-graph with an edge in T collapsed to a point. 

(2) AL-graph with a nonseparated full subgraph T' of T with at least 3 vertices 
collapsed to a point, where we say that T' is full if every edge ( i,j ) G 
£' nff (r) with i, j G H(r') belongs to E nW (T') and if the vertices in V w {V) 
are successive in T, and we say that T' is nonseparated if T is not of the 
form Closure(r')#r" for any Jacobi diagram T". 

(3) (Anomalous face) A separated component in P(T) collapsed to a point on 
a knot, where we say that a component To in P(T) is separated if T can be 
written in the form r'^T" for Jacobi diagrams T' and T" such that T' is 
nullhomotopic[3 and P(r') = -{To}. 

These correspond to the intersection of Ir(K ) with SConf t,q{M x /, I <). Note that 
it is not necessary to consider an AL-graph with a non self-loop edge forming a 
closed AL-path in M since such an AL-graph and an AL-graph with one 4-valent 
vertex do not occur simultaneously in a generic 1-parameter family. 

Lemma 4.1. For n > 0, Z n is invariant under bifurcations (1) and (2). 

Proof. The invariance under a bifurcation of type (1) follows by the IHX and STU 
relations. Roughly, the AL-graph with an edge labeled k collapsed to a point has 
one 4-valent vertex whose contribution in Pr(E;£i,... is a rational function 
with no terms of nonzero exponents of tk- The sum of contributions of such AL- 
graplis come from terms in the IHX or the STU relations and they are set to be 
zero by the relations. For the detail, see m, where the boundary contribution is 
given by integrations in place of the counts. 

The invariance under a bifurcation of type (2) follows by an analogue of Kont- 
sevich’s lemma f lKoll ! as in [Wa3l and by dimensional reasons. See the proof of 
[Wa3 . Lemma 4.4] for the detail. Here, we must take care of the orientations of 
the faces of the moduli spaces at the boundary of Confr(M x /, K ). However, the 
problem is local and the orientations of the faces can be treated in almost the same 
way as the case of knots in S 3 given in HHEE]. □ 

We shall consider the invariance under a bifurcation of type (3). Let so G / be a 
parameter at which a bifurcation of type (3) occurs and put J = [so —£, so+£] for £ > 
0 small. For a generic 1-parameter family K, we may assume that there are finitely 
many such bifurcation time so in I. We may assume without loss of generality that 
only one bifurcation occurs in J. The change of the value of Z n for the bifurcation 
is given by sum of contributions of the anomalous face of 9Confp(M x J, A'), 

*If one of two Jacobi diagrams is rmllhomotopic, then the connected sum of the two is well- 
defined (i.e., independent of the choice of arcs for the connected sum). 
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which can be described as follows, following [BTllRC] . Let T be a labeled Jacobi 
diagram on S 1 with q univalent and t trivalent vertices. We consider T that is a 
nullhomotopic A-colored Jacobi diagram. Suppose for simplicity that the univalent 
vertices of T are labeled by 1,2,... ,q and they are cyclically ordered in this order. 
Let P —> M be the orthonormal frame bundle associated to TM. Then the unit 
tangent bundle S(TM) is identified with P Xgo( 3 ) S 2 . Let j3 : S(/3*TM) -A S(TM) 
be the natural bundle map that covers /3 = proj o K : S 1 x J —> M. Let P tj9 be 
the space of points (a, u\,..., u q , v \,..., v t ) in S 2 x (R) 9 x (R 3 ) 4 such that 

• u\ < ■ ■ ■ < u q , or its cyclic permutations, 

• Vi / Vj if i / j, 

• Uid ^ Vj for all i S { 1 ,..., q}, j £ { 1 ,... ,t}, 

q t q t 

• '52 u2 i + Yl ini 2 = 1 and J2 Ui+ J2( v P a ') = 0 - 

i =1 j =1 i =1 j =1 

The forgetful map P ti<? AS 2 is a fiber bundle. Let v : S ' 1 x J —>• S((3*TM) be the 
section given by the unit tangent vectors of knots : S 1 x ( s l —> M x {s} 

for each s G J and let S? be the pullback in the following commutative diagram. 

E(Bov) 

y -- P x 50(3) Bt, q 

S 1 xJ ---^ S{TM) 

(3ov 

Then 5? can be naturally identified with the (interior of the) anomalous face of 
dCcm!t, q (M x J,K). 

Let 7 nj : P x 50 ( 3 ) B ti q —> S(TM) denote the fiberwise Gauss map, namely, it 
gives the direction of the straight line that connects the i-th and the j-th vertex in 
T X M. Let 

e e = E(pov)- 1 ^ 1 (si(M))cy, 

where the edge labeled £ is (i. j). This is a piecewise smooth submanifold of 5? and 
has a natural coorientation induced from that of s^(M) in S{TM). Let To be a 
separated component in P(T) and let (9 \,..., Ok) r 0 be the count of HcLi w bh 
signs and put 

h 0 {K) = (0i, ■ ■ ■ ,0fc)r o [IV] e s/ no {S l -,Q), 
where To is the union of To and the Wilson loop, and no = deg To- If £ is 
small enough, then Ir(K) for the bifurcation of type (3) over J is of the form 
Ir 0 (K)#I Tl (K S0 - e ) for such that T = Ta#^. 

Lemma 4.2. For n = 1,2, Z n is invariant under bifurcation (3). 

Proof. By the same reason as nu Theorem 1.6], the sum of Ir(K) for all labeled 
Jacobi diagram T and for all possible edge orientations vanishes if the degree of To 
is even. Note that in m, a cancellation by a symmetry of a (unlabeled) graph is 
considered, whereas we consider a cancellation between two graphs with different 
labellings. 
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If the degree of To is 1, the contributions of the graphs that are relevant to the 
anomalous faces vanish by the FI relation. This completes the proof. □ 

4.3. Bifurcations of AL-graphs in 1-parameter family, perturbed. 

Lemma 4.3. For n = 1,2, Z n is invariant under a concordance offi. 

Proof. Let fj be the 1-parameter family for a concordance of £*. By |Wa3 ^, §4.3— 
§4.6], the equivariant propagators of AL-paths extend over the 1 -parameter family. 
Using the extensions, we may define the piecewise smooth 1-cliain 

Ir(K) = Tr r t ^o(Q°(S 1 ), ■ • •, Q°(fi 3n - q ))r 

in Ci(Coni t , q (M x J, K)) A). For the rest of the proof, one may see by 

an argument similar to |Wa3l that the boundaries of Jr (A) that may contribute are 
of the same kinds as (l)-(3) listed above. Proof of the invariance under bifurcations 
of types (1) and (2) is the same as Lemma FTTl 

To prove (3), assume that n < 2. The anomalous face FF over a closed interval 
J C I is the pullback in the following commutative diagram. 

& -—-- (/' X50(3) B t , q ) X J 

S 1 xJ - = -^ S(TM) x J 

V 

where v : S 1 x J —)• S(TM) x J is the section given by the unit tangent vectors of 
knots A| S i x{s} : S 1 x{a} ->• Mx{s }. Let (MX J ) 0 = (M x J)\U^ criticallocusof £ 
and let s^ : (Af x J)o —> S(TM) x J be the normalization — £e/||&|| of the section 
—£t- The closure s^((M x J)o) in S(TM) x J is a smooth manifold with boundary 
whose boundary in S(TM) x Int J is the disjoint union of circle bundles over the 
critical loci cr of ft (including the birth-death locus 7 ). The fibers of the circle 
bundles are equators of the fibers of S(Tcr). Let E~ be the total space of the 2-disk 
bundle over a whose fibers are the lower hemispheres of the fibers of S(Ta) which lie 
below the tangent spaces of the level surfaces of n. Then d.s^ ((M x J) 0 ) = \J a dEf 
as sets. Let 

s~ (M x J) = Sg e ((M x J) 0 ) ujj£;c S(TM) x J. 

G 

This is a 4-dimensional piecewise smooth manifold. We orient s~ (M x J) by 
extending the natural orientation (s~ 1 )*o(M x J) on s^((M x J) 0 ). Let 

9t = Efy)- 1 ^ 1 (s~ (M xl))cy; 

where i f^ : (P Xgo( 3 ) B t . q ) x J —> S(TM ) x J denote the fiberwise Gauss map. We 
put 

7r 0 (A) = 0i , • • • ,7fe)r 0 [ro] G =sa4 0 (‘S' 1 ;Q)> 

where To is the union of To and the Wilson loop, and no = deg To. If a bifurcation 
of type (3) occurs at so and J = [so — e, so + e\ small enough, then Ir{K) for 
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the bifurcation of type (3) is of the form Ir 0 {K)#Ir 1 (K So - e ) for Ti such that 
r = r 0 #ri. The reason of the vanishing of the sum of Ir(K) is the same as 
Lemma 14.21 □ 

Theorem 13.51 now follows as a corollary of Lemmas 14.1114.21 and 14.31 

5. Injectivity of if n when H\(M) = Z (proof of Theorem 12.71) 

5.1. Surgery formula. 

Theorem 5.1. Let n : M —> S 1 be a smooth bundle with fiber diffeomorphic to an 
oriented connected closed surface. For n < 2, Z n satisfies the following properties. 

(1) Z n is a finite type invariant of M-null type n. Hence Z n induces a map 
Zn : J(r n (M)/je n+1 (M) -a ^(S 1 ; A). 

(2) If H\(M) = Z, then Z n [fi) n {T{(j)))) = 2 n [T(</>)] for a monomial A-colored 

Jacobi diagram T(4>) G ^ IH (S' 1 ; A). For general the following 

diagram is commutative: 

^{S 1 - A) 

where is the natural map induced by : K(Hi(M), 1) —»• 1). 

Proof. We shall prove the theorem only for n = 2. The case n < 1 is similar and 
easier. The following proof is analogous to the case of knots in S 3 given in [BT[1AF] . 

(1) It suffices to check = 0. Let [I\ ; G] G J# 3 i 3 (M), G = {Gi, G 2 , G 3 }, 

be an M-null forest scheme consisting of three /-claspers and let Ri be a regu¬ 
lar neighborhood of Gi in M. (If Gi is a strict I-clasper, then Ri is an open 
ball. If Gi has one nullhomologous leaf, then Ri is an open solid torus.) By 
shrinking strict /-claspers by isotopy, we may assume that Rfs are mutually dis¬ 
joint and that Ri is a small ball in M if Gi is a strict /-clasper. We show that 
Ir([K ; G]) = S/c{i 2 3 }(—l) 3 _ ^/r(/f Gl ) vanishes for such a forest scheme [K ; G] 
and for any Jacobi diagram T of degree 2 . 

Recall from Proposition l3.7l that /r is given by counts of AL-graphs. By Lemma l2T2l 
(2), AL-graphs X of degree 2 that may contribute to the alternating sum /r([A"; G]) 
should be such that for every i, Ri is occupied , i.e., on each strand of Ri l~l K Gl 
there is at least one univalent vertex of X. Note that if Gi is a strict /-clasper, then 
Ri H K Gi consists of two strands, and if Gi is an /-clasper with a nullhomologous 
leaf, then Ri (~l K Gi consists of one strand. Hence X should have at least 5 univalent 
vertices. But this is impossible if X is of degree 2. This completes the proof of 
Z 2 ([K-G]) = 0 and of (1). 

(2) It suffices to check the assertion for forest schemes in (M) that has only 
disk-leaves since any A-colored Jacobi diagram on S 1 can be written as a sum of 
chord diagrams by the STU relation. Let [K;G] G ^ 2 , 2 (A/), G = {Gi,G 2 }, be 
a forest scheme corresponding to a chord diagram T(</>) such that G\ and G 2 are 
strict /-claspers. Moreover, we may assume that the /-claspers are shrunk into 
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small balls. By the argument of (1), the AL-graphs X that may survive in the 
alternating sum Z- 2 ([K;G]) should be such that for i = 1,2, Ri is occupied. Such 
an AL-graph corresponds to a chord diagram. Furthermore, the two univalent 
vertices in each Ri should be connected by an AL-path included in Ri, i.e., an 
AL-path without vertical segments, because if not, the small crossing change in Ri 
does not change the value of It- 

For the monomial A-colored chord diagram r(</>), there are | A „ t 4 r^)| different 
ways of labelings and edge-orientations on T(<p), where |Aut F(<^>)| is the order of 
the group of automorphisms of r(</>) which preserves the homotopy class of A- 
coloring. Each term of these labeled oriented chord diagrams in the alternating 
sum Z 2 ([K; G]) contribute as |Autr(^)| [r(</>)]. The terms for other graphs vanish. 
Hence we have 

Z *<I A;G » = = 22 ' r «l- 

This completes the proof of (2). □ 

Proof of Theorem \2.7\ By Theorem 15.11 the image of Z n : (S 1 ■, A)) —>■ 

srf n {S x \ A) is ^ r f H (5' 1 ; A). Hence Z n oif n = 2 n id and if n is injective. □ 

Example 5.2. Let M = S 2 x S 1 and K = {p 0 } x S' 1 (po € S' 2 )- Let O be the 
unknot in a small ball in M. We consider the Whitehead double Wh ( K ) with 
respect to the product framing on K. By Theorem 15. 11 we see that 

Z 1 (Wh(A-))-Zi(O) = 2[0(O,l)], 

where 0(p, q) is the A-colored Jacobi diagram defined in Appendix [Al below. It is 
easy to check that Zi(O) = 0. Hence we have 

Z x (Wh (K)) = 2[0(0,1)]. 

It follows from the result of Appendix [Al that 2’i(Wh(A')) is nontrivial. 


Appendix A. The structure of ,c/ 1 NH (5’ 1 ; A) 



Lemma A.l. (1) [fl(p)] = 0 in A). 

(2) ^j NH (S' 1 ;A) is spanned by {[0(p, q)]} p , qe i- 


Proof. The claim (1) follows immediately by the STU relation. Since any Jacobi 
diagram in ^/ 1 NH (S' 1 ; A) of degree 1 with a self-loop is equivalent to 17 (p) for some p 
modulo the Holonomy relation and since [17(p)] = 0 by (1), ^/ 1 NH (S' 1 ; A) is generated 
by chord diagrams of the form 0(p, q). This completes the proof of (2). □ 
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Consider Q as the linear subspace of Q[i] of constants. Let 

W :^ nh (S , 1 ;A) -►Q[t]/Q 

be the linear map defined by 

W([<d{p,q)}) = t p+q (mod Q). 

This is well-defined since W respects all the relations for t e/ 1 NH (S' 1 ; A). 
Proposition A.2. The map W is a linear isomorphism. 

Proof. Let L : Q[£]/Q -A ^/ 1 NH (5 1 ; A) be the linear map defined by L(t p ) = [0(0, p)] 
for p > 0, which is well-defined. We have L(W([@(p,q)])) = L(t p+q ) = [0(0,p + 
q)] — [0(p, q)] by the Holonomy relation and we have W ( L(t p )) = W([0(O,p)]) = t p 
(mod Q). This completes the proof. □ 
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